Geometry of quasiregular mappings and curves

Susanna Heikkila

University of Helsinki

DOMAST seminar
February 4, 2022

Susanna Heikkild (UH) QR maps and curves



Outline

© Quasiregular mappings
@ Between Euclidean spaces
@ Between Riemannian manifolds
@ Properties

Riemannian and lower dimensional volume forms

Quasiregular curves
@ Definition

@ Examples

@ Some results

Susanna Heikkild (UH) QR maps and curves Feb 4, 2022 2/18



Quasiregular mappings between Euclidean spaces

Definition
Let n > 2 and let Q2 C R” be a domain. A mapping f: Q — R" is K-quasiregular for K > 1 if
f e WE"(Q,R") and

loc

||Df||" < K det Df a.e. in Q,

where ||Df|| is the operator norm.

@ The mapping f can be redefined in a set of measure zero so that it is made continuous.
@ If f is a homeomorphism onto its image, then f is called quasiconformal.
e Every map g € W""(Q,R") satisfies det Dg < ||Dg||" a.e. in Q.

loc
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Geometric interpretation

Let f: Q — R" be a non-constant K-quasiregular mapping. At almost every point x € Q, the

differential (Df), behaves as follows:

In the picture, we have that
mn(B) = ||(Df)x||" m,(B) and m,((Df)xB) = (det(Df))m,(B).

Thus, the K-quasiregularity of f implies that m,(B) < Km,((Df)xB).
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Connection to non-linear PDEs

Let S(n) denote the space of symmetric positive definite n X n-matrices having determinant
equal to one. Given a domain Q C R” and a bounded measurable mapping G: Q — S(n), the
corresponding Beltrami system is defined as

(DF)TDf = (det Df)7G a.e. in Q

for mappings f with non-negative Jacobian determinant.
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Connection to non-linear PDEs

Let S(n) denote the space of symmetric positive definite n X n-matrices having determinant
equal to one. Given a domain Q C R” and a bounded measurable mapping G: Q — S(n), the
corresponding Beltrami system is defined as

(DF)TDf = (det Df)7G a.e. in Q

for mappings f with non-negative Jacobian determinant.
Quasiregular mappings are solutions to Beltrami systems and vice versa.

If G = I, then the corresponding Beltrami system reduces to the Cauchy-Riemann system

(DF)T Df = (det Df)7 1, a.e. in Q.

For n = 2, holomorphic mappings are solutions to the Cauchy-Riemann system and hence
quasiregular.
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Examples

o Let f: Q — R" be L-Lipschitz continuous and assume that det Df > C for some constant
C > 0. Then [|Df]|" < L" < L det Df.
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Examples

o Let k be a positive integer. Let f: R?> — R? be the mapping (r, ) + (r, k) in polar
coordinates. For (x,y) # 0 we have that

(Df) _[cosp —rsinp) (1 O cos sin g
Cey) = sing  rcosy 0 k) \—1/rsing 1/rcosy)"

It follows that ||Df|| = k and det Df = k in R?\ {0}. Thus, f is k-quasiregular.
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Examples

o Let k be a positive integer. Let f: R?> — R? be the mapping (r, ) + (r, k) in polar
coordinates. For (x,y) # 0 we have that

(DFf) _[cosp —rsinp) (1 O cos ¢ sin g
) T \sing  reosg J\0 k) \=1/rsing 1/rcose)"
It follows that ||Df|| = k and det Df = k in R?\ {0}. Thus, f is k-quasiregular.

o Let ¢ be a positive integer and let g: R? x R — R? x R be the mapping g = f x idge.
Then ||Dg|| = ||Df|| and det Dg = det Df in (R?\ {0}) x R’. Hence g is
k‘+1_quasiregular.
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Quasiregular mappings

Definition

A continuous mapping f: M — N between connected, oriented Riemannian n-manifolds is

K-quasiregular if f € W>"(M, N) and

loc

||Df||" < Kdet Df a.e. in M.

M
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Classical results for quasiregular mappings

Let f: M — N be a non-constant quasiregular mapping between connected, oriented
Riemannian n-manifolds. Then

o f is discrete and open, i.e., the preimage of each point is a discrete set and the image of
each open set is open,
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Classical results for quasiregular mappings

Let f: M — N be a non-constant quasiregular mapping between connected, oriented
Riemannian n-manifolds. Then
o f is discrete and open, i.e., the preimage of each point is a discrete set and the image of
each open set is open,
o there exists p = p(n, K) > n for which f € WLP(M, N),
o f is differentiable a.e. in M, and
o det Df > 0 a.e. in M.
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Examples

@ Smooth local isometries are 1-quasiregular. In particular, Riemannian covering maps are
1-quasiregular.
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Examples

@ Define A: R?2 — S2 as follows:

S g
EEEEES A

% N —
S

|

Susanna Heikkila (UH) QR maps and curves Feb 4, 2022 9/18



Examples

@ Define A: R?2 — S2 as follows:

R §*

o Let Z: R® — R3 be the mapping (x, y, z) — €ZA(x, y).
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Riemannian volume forms

Definition
A smooth n-manifold is orientable if there exists a smooth pointwise non-vanishing n-form
w € Q"(M). Such a form w is called an orientation form on M and any basis v1, ..., v, of a
tangent space T,yM, x € M, which satisfies wy(vi,...,v,) > 0 is called a positively oriented
basis. )
v
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Riemannian volume forms

Definition

A smooth n-manifold is orientable if there exists a smooth pointwise non-vanishing n-form

w € Q"(M). Such a form w is called an orientation form on M and any basis v1, ..., v, of a
tangent space T,yM, x € M, which satisfies wy(vi,...,v,) > 0 is called a positively oriented
basis. )
Definition

Let M be an oriented Riemannian n-manifold and let w be an orientation form on M. If
wx(vi,...,vp) =1, for every x € M and for every positively oriented orthonormal basis
Vi,...,V, of TyM, then we say that w is the Riemannian volume form on M and we denote

w = volpy.
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Riemannian volume forms

Definition

A smooth n-manifold is orientable if there exists a smooth pointwise non-vanishing n-form

w € Q"(M). Such a form w is called an orientation form on M and any basis v1, ..., v, of a
tangent space T,yM, x € M, which satisfies wy(vi,...,v,) > 0 is called a positively oriented
basis. )
Definition

Let M be an oriented Riemannian n-manifold and let w be an orientation form on M. If
wx(vi,...,vp) =1, for every x € M and for every positively oriented orthonormal basis
Vi,...,V, of TyM, then we say that w is the Riemannian volume form on M and we denote

w = volpy. |
Proposition

The Riemannian volume form voly, exists for each oriented Riemannian manifold M.
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Jacobian determinant on Riemannian manifolds

Let M and N be connected, oriented Riemannian n-manifolds and let f: M — N be
quasiregular. Then ||Df||" < Kdet Df a.e. in M.
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...BUT! How is det Df formally defined?
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Jacobian determinant on Riemannian manifolds

Let M and N be connected, oriented Riemannian n-manifolds and let f: M — N be
quasiregular. Then ||Df||" < Kdet Df a.e. in M.

...BUT! How is det Df formally defined?

For a.e. every x € M, we have that (Df)y is a linear map T,M — T )N. Let vi,...,v, and
w1, ..., w, be positively oriented orthonormal bases of T,M and Tr(x)N, respectively. Then

(Df)x has a matrix representation, denoted A, with respect to the bases vy,

..., Vv, and
wi, ..., ws. Now

det(Df )y = det Ax.
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Jacobian determinant on Riemannian manifolds

Let M and N be connected, oriented Riemannian n-manifolds and let f: M — N be
quasiregular. Then ||Df||" < Kdet Df a.e. in M.

...BUT! How is det Df formally defined?

For a.e. every x € M, we have that (Df)y is a linear map T,M — T )N. Let vi,...,v, and
w1, ..., w, be positively oriented orthonormal bases of T,M and Tr(x)N, respectively. Then

(Df)x has a matrix representation, denoted A, with respect to the bases vy,

..., Vv, and
wi, ..., ws. Now

det(Df )y = det Ax.
Defining det Df pointwise a.e. as above yields that

f*voly = (det Df)voly .
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Lower dimensional volume forms

The forms dx A dy, 3dy A dz, and e dy A dz are examples of smooth pointwise non-vanishing
2-forms on R3.
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Lower dimensional volume forms

The forms dx A dy, 3dy A dz, and ¥ dy A dz are examples of smooth pointwise non-vanishing
2-forms on R3.

Definition

A smooth n-form w € Q"(N) on a Riemannian m-manifold N, where n < m, is an n-volume

form if w is pointwise non-vanishing and dw = 0, where d denotes the exterior derivative
d: Q"(N) — Q"TL(N).
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Lower dimensional volume forms

The forms dx A dy, 3dy A dz, and ¥ dy A dz are examples of smooth pointwise non-vanishing
2-forms on R3.

Definition

A smooth n-form w € Q"(N) on a Riemannian m-manifold N, where n < m, is an n-volume

form if w is pointwise non-vanishing and dw = 0, where d denotes the exterior derivative
d: Q"(N) — Q"TL(N).

e d(dx Ady) =0, so dx A dy is a 2-volume form on R3
e d(3dy Adz) =0, so 3dy A dzis a 2-volume form on R3
o d(eXdy Adz) = eXdx AdyAdz, so e dyAdzis not a 2-volume form on R3
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Quasiregular curves

Definition

A continuous mapping F: M — N between connected, oriented Riemannian manifolds,
2<n=dimM < dimN, is a K-quasiregular w-curve for K > 1 with respect to an n-volume
form w € Q"(N) if F € W2"(M, N) and

loc

(llwl] o F)||DF||" < K(xF*w) a.e. in M.

Here ||w]|| is the comass norm given pointwise by

[lwx|| = max{wx(va,...,Vn): vi1,..., vy € TxN unit vectors}
and the function xF*w is determined by the equation

F*w = (xF*w) volp .
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Quasiregular curves

Definition
A continuous mapping F: M — N between connected, oriented Riemannian manifolds,
2<n=dimM < dim N, is a K-quasiregular w-curve for K > 1 with respect to an n-volume

form w € Q"(N) if F € W2"(M, N) and

loc

(llwl] o F)||DF||" < K(xF*w) a.e. in M.

@ When n = m and w = voly, the definition reduces to the definition of quasiregular
mappings.
e Every G € W2"(M, N) satisfies xG*w < (||w|| o G)||DG||" a.e. in M.

loc
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An example and its geometric interpretation

Let w = dx A dy € Q%(R3) and let F: R? — R3 be a K-quasiregular w-curve. Write
F = (i, f, ). Let F': R? — R? be the mapping F' = (f1, f).

Then ||DF|| > ||DF’|| and xF*w = det DF’.
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An example and its geometric interpretation

Let w = dx A dy € Q%(R3) and let F: R? — R3 be a K-quasiregular w-curve. Write
F = (i, , ). Let F': R? — R? be the mapping F' = (f1, f).

How (DF), maps the unit ball:

Let A; > Ay be the singular values of (DF),. Then H2(B) = \2H2(B) = ||DF||* #?(B) and
H2((DF)pB) = A A2H3(B). In general, \1\s # xF*w.
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An example and its geometric interpretation

Let w = dx A dy € Q?(R3) and let F: R?> — R3 be a K-quasiregular w-curve. Write
F = (fi,f, ). Let F': R? — R? be the mapping F' = (f1, f).
How (DF’), maps the unit ball:

xg-plnne

f Y X

(DF")8
= orthéaonal
projetion of
(DF)pB onte
9 4he x\ﬂ—phmc

Let p11 > po be the singular values of (DF’),. Then
'HZ((DF’)pB) = u1poH?(B) = (det DF"YH?(B) = (xF*w)H?(B).
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An example and its geometric interpretation

Let w = dx A dy € Q?(R3) and let F: R?> — R3 be a K-quasiregular w-curve. Write

F = (i, f, ). Let F/: R? — R? be the mapping F' = (f1, f»).
Comparing the two:
® = ball with

radius M
o the x\o-plunc

(DFWPB

Now the inequality || DF||* < K(xF*w) yields that #2(B) < KH?((DF'),B).
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Examples

@ Let also M be a connected, oriented Riemannian n-manifold and let N = Ny x --- x Ny be
a Riemannian product of oriented Riemannian n-manifolds. Let also f;: M — N; be
quasiregular mappings. Then F = (fi,...,fx): M — N is a quasiregular voly-curve, where
voly is the n-volume form obtained from the product structure of N.
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Examples

@ Let also M be a connected, oriented Riemannian n-manifold and let N = Ny x --- x N, be
a Riemannian product of oriented Riemannian n-manifolds. Let also f;: M — N; be
quasiregular mappings. Then F = (fi,...,fx): M — N is a quasiregular voly-curve, where
voly is the n-volume form obtained from the product structure of N.

e Let Q C C be a domain and let F: Q — C* be a holomorphic curve. Then F is a
quasiregular wsym-curve, where wgyy, is the standard symplectic form on Ck.
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Examples

e Fix y € R" and define F: R” — R"™! by x ++ (x,x - y). Then F is a quasiregular
dxy A - -+ A\ dx,-curve.
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Examples

e Fix y € R" and define F: R” — R"™! by x ++ (x,x - y). Then F is a quasiregular
dxy A - -+ A\ dx,-curve.

o Let p: R™1 — Tn+1 be the standard (Riemannian) covering map and let
w = mfvolgt A -+ A mhvolgt, where each 7;: T™1 — St is the projection. Then
po F:R" — T"!is a quasiregular w-curve.
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A different kind of example

Let F: R? — R3 be the mapping (x,y) — (v, x, —2x). Let w1 = dx A dy € Q?(R3) and
wy = dx A dy + dx A dz € Q?(R3).

Then ||DF|| = v/5, xF*w; = —1, and «F*wy = 1. We also have that ||w:|| = 1 and

[lwal| = V2.
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A different kind of example

Let F: R? — R3 be the mapping (x,y) — (v, x, —2x). Let w1 = dx A dy € Q?(R3) and
wy = dx A dy + dx A dz € Q?(R3).

Then ||DF|| = v/5, xF*w; = —1, and «F*wy = 1. We also have that ||w:|| = 1 and

[lwal| = V2.

We want to know if there exists K; > 1 satisfying
(llwill o F) [IDF|? < Ki(xF*w;)

fori=1,2.
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A different kind of example

Let F: R? — R3 be the mapping (x,y) — (v, x, —2x). Let w1 = dx A dy € Q?(R3) and
wy = dx A dy + dx A dz € Q?(R3).

Then ||DF|| = v/5, xF*w; = —1, and «F*wy = 1. We also have that ||w:|| = 1 and
lwa = V2.

We want to know if there exists K; > 1 satisfying
(llwill o F) [IDF|? < Ki(xF*w;)

fori=1,2.

Since xF*wy < 0, no suitable K; exists. For K> we can choose K = 5v/2.
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A different kind of example

Let F: R? — R3 be the mapping (x,y) — (v, x, —2x). Let w1 = dx A dy € Q?(R3) and
wy = dx A dy + dx A dz € Q?(R3).

Then ||DF|| = v/5, xF*w; = —1, and «F*wy = 1. We also have that ||w:|| = 1 and
lwa = V2.

We want to know if there exists K; > 1 satisfying
(llwill o F) [IDF|? < Ki(xF*w;)

fori=1,2.
Since xF*wy < 0, no suitable K; exists. For K> we can choose K = 5v/2.

Hence, F is not a quasiregular wi-curve but it is a quasiregular wo-curve.
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Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .

e Open?
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Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
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Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .

@ Open? No.

@ Discrete?

> In general, no.
» If n>3, Nis a product manifold, K is close enough to one, and w = vol};, then yes!
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Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .
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@ Discrete?

> In general, no.
» If n>3, Nis a product manifold, K is close enough to one, and w = vol};, then yes!
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loc

Susanna Heikkila (UH) QR maps and curves Feb 4, 2022 17 /18



Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .

@ Open? No.

@ Discrete?

> In general, no.
» If n>3, Nis a product manifold, K is close enough to one, and w = vol};, then yes!

o F e WYP(M, N) for some p = p(n, K) > n? Yes!

loc

Susanna Heikkila (UH) QR maps and curves Feb 4, 2022 17 /18



Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .

@ Open? No.
o Discrete?

> In general, no.
» If n>3, Nis a product manifold, K is close enough to one, and w = vol};, then yes!

F e Wl’P(M, N) for some p = p(n, K) > n? Yesl!
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Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .

@ Open? No.

@ Discrete?

> In general, no.
» If n>3, Nis a product manifold, K is close enough to one, and w = vol};, then yes!

F € WEP(M, N) for some p = p(n, K) > n? Yes!

Differentiable a.e.? Yes!
*F*w >0 a.e.?
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Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .

@ Open? No.

@ Discrete?

> In general, no.
» If n>3, Nis a product manifold, K is close enough to one, and w = vol};, then yes!

F € WEP(M, N) for some p = p(n, K) > n? Yes!
Differentiable a.e.? Yes!
*F*w >0 a.e.?

> In general, no.
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Some results

Let F: M — N be a non-constant K-quasiregular w-curve between connected, oriented
Riemannian manifolds with n = dim M < dim .

@ Open? No.

@ Discrete?

> In general, no.
» If n>3, Nis a product manifold, K is close enough to one, and w = vol};, then yes!

o F e WP(M, N) for some p = p(n, K) > n? Yes!
o Differentiable a.e.? Yes!
o xF*w>0a.e?

> In general, no.
» If n> 3, N is a product manifold, K is close enough to one, and w = voly, then yes!
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Thank you!
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