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Proof of Theorem 1. In the geometric case, the result of Theorem 1 is given in Meyn and
Tweedie (2009, Thm 15.0.1). In the polynomial case, the result can be obtained by combining
Theorem 2.8 of Douc et al. (2004) with the discussion in their Section 2.3 (see also Jarner and
Roberts (2002)). In the subexponential case, the function ¢ is concave and increasing as long
as vy is chosen large enough (cf. Douc et al. (2008, p. 243, the paragraph following Assumption
2)). Again, the result can be obtained by combining Theorem 2.8 of Douc et al. (2004) with the
discussion in their Section 2.3; note also that the two functions ¢(v) = c(v + vo)/[In(v + vg)]*
and ¢o(v) = cv/[In(v)]* both lead to the same rate function r4(n) given in Douc et al. (2004,
p. 1365, line 6). [

Proof of Theorem 2. First note that from equation (16), Assumptions 1 and 2(a), and
Theorem 2.2(ii) of Cline and Pu (1998) (see also Example 2.1 of that paper) it follows that the
Markov chain y, is a Y-irreducible and aperiodic T-chain. Moreover, as in the proof of Lemma
1 of Lu (1998) it can be seen that 1 is the Lebesque measure and using Theorem 6.2.5 of Meyn
and Tweedie (2009) we can conclude that all compact sets of B(RP) are petite (and in this case
small, as shown by Theorem 5.5.7 of Meyn and Tweedie (2009)). The same also holds for the
Markov chain g, in the case p = 1.

In what follows, we first consider the case p > 2 and consider the case p = 1 at the end of
the proof.

Part (i): In this case we have p > ko and b3 = kg A (2 — p) € (0,1); for brevity, the notation
bs will be used. The choice of b; and by will be discussed later. We can make use of results in
the proof of Theorem 3.3, part (i), in Douc et al. (2004, Sec. 3.3). Write the function V (x) as

V(@) = Lexp{bi|21(2)|"} + L exp{bs | z2(@)| 2} < Vi () + Valza(@)),  (30)

and consider E [V (y,) | yo = x|, the conditional expectation in (9). Note that z(y,) appearing
in V(y,) can be expressed as (see (19))

)= |20 == | ] e = [, S,



In what follows, we usually drop the argument from z(x) and its components and write, for
example, z, instead of z5(x). Now (dropping the argument from z(x))

EV(y,) | yo = x| = E[} exp{bs [g(z) + 1" }] + L exp{bs |12 + 210, }
= E[Vi(g(x) + e1)] + Va(Il 22 + 214 1).

Defining V,(z) = exp{b; |e(x)x|**} we bound the expectation on the right hand side as follows:

E Vi (g(x) + 1)) = E[exp{b1 [7(z) — g(21) + g(z1) + 1| }]
< eXp{bl l9(x) — Q(Zl)|b3}E[% eXp{bl l9(21) + 51|b3}}
< V(2)E [Vi (9(=1) +e1)],

where the first inequality is due to the triangle inequality and the fact that b3 € (0,1), and the
second inequality follows from the definition of the function § and inequality (13) in Assumption
1(ii). Thus, we can bound the conditional expectation F [V (y,) | y, = ] as

EV(y)) [yo =] < Ve(@)E[Vi (9(z1) +e1)] + Va (IhZ2 + 214p1) - (31)

Step 1: Bounding F [Vi (g(z1) +¢1)] in (31). We first note that the arguments used by
Douc et al. (2004) to obtain their inequality (3.14) can be used to justify that, for |z;| > M,

Vi(9(21)) = Vi (21) < (=barbs 21|77 4 2020202 | [P )V (21).

Moreover, repeating the arguments in Douc et al. (2004) between their (3.15)—(3.19) it can be
shown that, for |z | large (which, due to our Assumption 1(ii), also implies that |g(z1)] is large)
and some ¢ > 0,

E Vi (9(z1) +e1)] = Vi (g(z1)) < {30365 + ¢ |aa] P} EEIVA(e0)] | 7 Vi(=2),
so that, for |z| large,
E Vi (9(21) +e0)] = Vi (g(21)) < BOTE[ERVi(en)] |7 Vi (z);

note that due to Assumption 2(a) and the choice of bs, the condition E[|€1]2 Vi(e1)] < oo can
be achieved by choosing the value of b; small enough. From the above inequalities it follows
that, for |z;| large,

EVi(g9(21) +e1)] < Vilz1) + k(z)Va(=1), (32)

where
k(z1) = —birbs |21|® 77 + 1037202 |20 *® ) £ BRR2E[E2 Vi (e1)] |20 [ 2 (33)

Next we obtain an upper bound for k(z;). Note that we necessarily have b3 — p < 0 and
2b; — 2 < by — p with equality if and only if b3 = 2 — p (these follow from p > k¢ and



bs = ko A (2 — p)). First consider the case 2b3 — 2 = b3 — p so that b3 = 2 — p and
k(z1) = — (r = bibsE[£1Vi(e1)]) bibs 21|77 + $b3r°b3 |2 [2Bs=P)

As b3 —p < 0, the inequality %blr2b3 |zl\b37p < %61 holds for all large enough |z | and with ¢; > 0
which can be chosen as close to zero as desired. Moreover, as by and F [¢2V;(e;)] are positive
and here fixed, we can choose the value of b; small enough so that bbs E[e1V;(g1)] < 3€; holds.
Hence, for |z1| large, k(z) < — [r — %61 — %el] b1bs |zl|b3_p and here €; can be chosen small
enough so that r — ¢; > 0 holds. Now consider the case 2b; — 2 < b3 — p (so that by < 2 — p).

Write k(z1) as
k(z1) = —(r — 3b1r2bg |21 77 = bibs E[e3Vi (1)) |22 ]2 7)) by g |27

and note that 1b172bs |21|® 77 + bibs E[e3Vi(e1)] 2|37 =5=0) < ¢ holds with 0 < e5 < 7 for

all large enough |z | so that the bound k(z;) < —(r — e2)bibs |21]™ ¥ is obtained. To combine

the two cases, note that the arguments above hold if ¢; and ey are replaced with €3 = €; A €.
Thus, defining the positive constant w; as wy; = r — €3 we obtain, for |z;| large,

k’(Zl) S —wlblbg |Z1|b37p
(cf. Douc et al. (2004, top of p. 1373)). Combining this with the inequality (32) we obtain
E[Vi(g(z1) +e1)] < (1 = wibibg |21 7")Vi(21).

Step 2: Bounding V.(x)FE [V (g9(z1) + €1)] in (31). Using the bound just obtained, bound
the first term on the right hand side of (31) as

Ve(@)E [Vi (g(z1) +&1)] < eXp{bl ‘E(w)w‘bs}(l — wibibs ‘Zl‘bg_p)vl(zl)
= %(1 — wibybg |z1|b37’0) exp{ln |z1|b3 + by |e(m)w|b3}.

For all |z | large enough, 1 — wybibs|z|” " € (0,1) and the same holds true for ki(z;) def

1— %wlblbg |zl|b37p. Using the inequality (1 —u)* < 1—au (0 < u,a < 1) we thus have
1— wlblbg ’z1|b3—p = (1 — wlblbg ’Z1|b3—p) 1/2(1 — wlblbg |21‘b3_p) 1/2 S k1(2’1>2.

Furthermore, as In (k1 (21)) = In(1—1wibibs [21]™77) < —Lwibibs 21| " it follows that ky(21) =

exp {In (k1(21))} < exp{—1w:bib; ]z1|b3_p} and we can write
V(@) E (Vi (9(21) + 1)) < 31 (1) exp{ (1 — wibs [21] ™) by |21]" + by |e() |}

Consider the argument of the exponential function on the right hand side of the above
inequality. As z = (z1,29) = Az, the equivalence of vector norms in R? and straightforward
calculations show that, for some ¢, > 0,

le(@)z| = |e(x) A7 2] < e le(@)] ] + e (@) |22, = ler(@)] 2] + |ea ()] |22, .



where € (x) = c.e(x). Hence, as Assumption 1(ii) holds with d = p/bs, we have |e(x)| =

—p/b
‘P/s)

o(|x and

b — b _ b
le(@)|™ < of|x| ") [21] + o] ") [|z2].7 ,

so that, for all |21 large (implying that |z| and hence that |x| is large”; see the discussion above
Theorem 1),

(1 — %wlbg |21|_p) by |z1|b3 + b ]e(a:)a:|b3 < (1 — %Wlbg |17 + 0(|a:|_p)) by |Zl|b3 +o(|lx| ")y ||z2|]23
< (L= wabs |21]7°) by |21]” + (|| )by || 22|,

where 0 < wy < %wl. Thus, we can conclude that, for all |z | large,
Ve () E Vi (9(21) + 1)) < $ha(z1) exp{ (1 — wabs |21 )by |21 ] + o(|2| )by [|22]1 2 }.

Next define 71(z1) = 1 — wabs |21|” and 72(21) = 1 — 71(21), and note that 71(2;) € (0, 1) for
any |z1| large. By the preceding discussion, we then have, for all |z | large,

V(@) E Vi (9(21) + €1)] < k(1) exp{mi(21)b1 |21]™ + m(z1)7a(21)  ol|| )by || 2212 }

T\ R Tol 2 _
< T G exp i) + 2k o) exp{ o) ol )0 a0}
< k(=) exp{bi |21} + S exp{ma(z1) "o(|2| ) |22l }

1
2
ki(z1)Vi(z1) + %GXP{O(U ||Z2||23}

Here the second inequality is justified by the convexity of the exponential function and the
third one follows because 71(z1) € (0,1) and k;(21) € (0,1) can be assumed. The last equality
is due to the definition of V; and the definition of 75(z;) which implies

7o(21) to(j®] ) = (wabs) T |2l o] 77) < ¢ (waby) T |’ ofl2| ") = o(1),

where the inequality holds because |z;| < |z| < c|z| (see footnote 7) and where o(1) — 0 as
|z| — oc.

It will be convenient to modify the preceding upper bound of V(x)E [V (g(z1) +&1)]. To
this end, denote a = p/bs—1 (> 0) and write by |z;|"* " = b°/* (by |z1|b3)7a > 0% (1 4+ 1nVi(z)) ™
where the inequality is based on the definition of V;(z1) (also note that In(5) ~ —0.6931). Thus,
by the definition of k;(z1) we have,

Fi(z1) < 1= Swibsh?™ (1+InVi(21) ™"
Using this upper bound and the definition
01 (Vi(z1)) = 3wrbab’™ (1+ InVi(z0)) ™ Vilz1) (> 0), (34)

yields, for |z | large and for a small enough choice of by, the following bound for the first term

"Due to the nonsingularity of the matrix A, there exists a positive constant ¢ such that ¢=! |z| < |z| < c|z],
so that |x| — oo if and only if |z| — oo.



on the right hand side of (31):

V(@) E Vi (9(=1) + )] < Vi(z1) = 1 (Vil=z1)) + explo(1) [z, }-

To state this more formally, we can find b; = 51 < Bo, and M; > M, such that the above
inequality holds for |z;| > M;. Moreover, as in Douc et al. (2004, p. 1373) these choices can
be done in such a way that, for some (finite) constant M, and for all z,

V(@) E Vi (9(21) +e1)] < Vi(z1) = d1 (Vi(21)) + g explo(1) |22} + Mile, (1), (35)
where C) = {z; € R : |z| < M},

Step 3: Bounding V; (ITy 22 + 21¢,,—1) in (31). Here we assume that the choice of b; is fixed
to the value b; specified above. Recall that Vo(IT1zo + 214p_1) = %exp{bg ITT; 25 + zle_1||i3}
and note that

b .
by T 22 + 21t || < by (L 22|, + lz1epeil,) ™ < ban™ [22] 2 + b lepr || |21]7

where we have made use of the fact bs € (0, 1) and Assumption 1(i) which implies that ||TT; ||, <
n for some 1 < 1 (see the discussion following equation (19)).

Let 7 € (0,1) and 7 = 1 — 7y be such that 7, € (5%,1), and denote by = by [le,1]>* /71
and by o = by/7e. Then,

Vo(Ihizo + z16p1) < 3 exp{ban™ [|22]12 + b2 [lepa ]| |22 }

%eXP{szz,zﬂbg ”Z2Hi3 + T1b21 ‘Zl|b3}
3 exp{bas [21"} + F exp{baan® [z}
< Lexp{boy|ai|®} + L exp{boon® |22}
de

2 Voi1(z1) + Vaa(za),

/\I/\

where the second inequality is justified by the convexity of the exponential function. Now,
as T € (n*,1), we have byon® = byn® /79 < by, and we choose the value of by so small that
ba1 = bo ||Lp—1||i3 /T < by = b, with b, as fixed above.
We next bound V51 (z1) and Vo 2(22). For the former, write Vo1 (21) = exp{— (b1 — b2,1) |21] bs Pa(z1)
and use the facts InVi(z;) = ln( )+ by ]21]  a=p/bs—1>0,and by — byy > 0 to obtain

(1+1InVi(21))* bsb?"

T e {(r — o) [y (L V)TV S B (i) Vi),
3%1 17— V21 1

V2,1(21) =

where the inequality holds for any €4 > 0 as long as |2;] is large enough. Using the definition of
¢1 (Vi(z1)) in (34) this implies a bound for —¢; (Vi(21)) + Va,1(21) which will be needed later:

—1 (Vi(21)) 4 Vo (21) < —Lewnbs?™ (1 +In Vi (21)) " Va(z1)
+ Leabsby™ (1 4+ Vi(21)) " Vi(z1) + Mile, (=)
= —whsb?™ (1 + I Vi(21)) " Vi(21) + Mi1g, (21), (36)



where w = %(wl — €4) and, as wy > 0 holds for (fixed) b = by, we can choose €, so small that
w > 0 holds. Note that here the last expression provides a bound for —¢; (Vi(z1)) + Va1(21)
that holds for all z; (although this may require redefining the set C; and the value of the
constant M; which appear also in the upper bound obtained earlier for E [V (g(z1) +€1)]).
Denoting € = €3 + ¢4, and using the definition of w; (given at the end of Step 1) we therefore
have w = 1(r — ).

Now consider V3 5(22) = %exp{bmnb3 Hzgﬂff’} and recall that bysn” < by. Using the defi-
nition V5(z2) = 3 exp{bs |22]|™} we have, for some 7, € (0,1) and ||z, bounded away from
Z€ro,

( )exp{ba,zn”?’ [EX}

‘/2,2(Z2) = Va(z2 = ‘/2(22) exp{— (b2 - b2,27]b3) ||22||i3} < 772‘/2(22)7
b3
exp{bs || z2[|.”}

and furthermore
‘/2(1_[122 + Zlefl) < Vai(z1) + n2Va(z2),

where the bound obtained above for V5 1(z1) has been omitted but it will be used below.

Step 4: Bounding E[V(y,) |y, = x| in (31). Using (35) and the preceding inequality
obtained for VQ(leg + zlbp_l) we can now write

EV(yy) |y, = =] < Vi(z1) — 61 (Vi(21)) + S exp{o(1) ||} + Mile, (=)
+ Vau(21) + Va(z2) — (1 — m2)Va(22).

As |z9| < |z| < ¢|z| (see footnote 7), the term o(1) on the right hand side converges to zero as
|z5| — o0o. Thus, as Va(z2) = 5 exp{bs 22|/}, we have, for | 2| large,

Lexp{o(1) |z2] 7"} — (1 — m2)Va(22) = [exp{[o(1) — ba] [|z2]|*} — (1 — 1) % exp{bs || 22/}
< —n3Va(z2),

where 73 € (0,1). Hence,
Va(22) + 3 exp{o(1) |22l } — (1 — m2)Va(22) < Va(22) — 15Va(22) + Malc,(22),

where Cy = {2z € Rr—1 |zo| < My} and M, and M, are some finite constants. Using this
inequality and the bound in (36) we can bound E [V (y,) |y, = x| as follows:

EV(yy) |yo = 2] < Vi(z1) — whsd{’™ (1 +nVi(21)) " Vi(21)
+ Va(z2) — n3Va(za) + 2M 11, (21) + Malc,(22).

We still need to modify the right hand side of the above inequality to a form assumed in
Condition D, and for simplicity we write this inequality as

E[V(y) |yo = @] < Vi(z1) — whsb}™ (1 4+ Vi(21)) " Vi(z1) + Va(2a) — msVa(22) + L,



where L > 2M, + M,. Next note that V() > Vi(z;) > 1/2 (see (30)) so that
0<(1+InV(x) "< (1+InVi(z)) " <(1+1n(1/2))"“.
Using these inequalities twice and defining ¢y = wbgb’f/ " A (I1+m1)" (> 0) we have

— whsb™ (1 4+ Vi(21)) " Vi(z1) — msVa(zs)
< —wbst”™ (14 V(@) Vilz1) — 1 (1 4+ In(1/2)* (1 + In V(2)) ™ Vi (25)
< —cp(1+InV(x)) V().

Denoting h(z) = ¢4 (1 +InV(x))™* we therefore obtain
EV(y)) [yo =z] < (1 = h(z)) V(z) + L. (37)

Because V(x) > 1 and —a < 0, we have 0 < h(x) < ¢, and h(x) — 0, as |x| — oo. Thus, for
all |x| large enough, h(x) < 1, and therefore

(NI
[SIE

(1 —h@)V(z) + L= (1-h=) V() (1-h() (1+L/[1-h(@)V(e)])
< (1= 3h(@) V(@) (1= h(@))? (1+ L/[(1 - h(@)) V(@)
VI

< (1= 3h(=)) V(w)

for all || large enough, where the first inequality is based on the inequality (1 —x)* <1 — ax
(which holds for a, z € [0, 1]) and the second inequality is justified by showing that the inequality

D=

H(z) < (1-n@)? 1+ L/[(1 - h(=z) V(z)]) <1

holds for all |z| large enough. To show this, note first that

[N

H(z) = (1 h(x))® + L/[(1 = h(@))"* V(2)] <1 - $h(@) + L/[(1 - h(z))"* V(2)],

so that it suffices to show that, for all || large enough, the right hand side of the last inequality is
smaller than one or, equivalently, that L < 1h(x) (1 — h(x))? V(). This holds for all |x| large
enough due to the definitions of V(x) and h(x) which imply that, as |x| — oo, V(x) — oo at
an exponential rate (see (30)) whereas h(x) — 0 at a logarithmic rate (see the above definition
of h(x)).
We can therefore write inequality (37), for all |z| large enough, as
EV(y,) [yo==] < (1 - %h(m)) V().

As the right hand side is bounded when x belongs to any compact set, this further implies
that there exist positive constants M and b such that for C = {x € R? : || < M} and for all
xz c R?

EV(y1) [yo = 2] < V(@) — 61 (V(2)) + ble (), (38)



where

o (V(x)) = %h(a:)V(a:) = %c(;g (1+InV(x)) “V(e). (39)

Now note that we can always find positive constants vy and ¢ such that the function ¢(v) =
c(v+vo)(In(v+1vp))~* is a concave increasing differentiable function for all v > 1 and such that

$1(v) = 5¢v(1 +In(v)) ™ > e(v +vo)(In(v + v0)) ™ = ¢(v)
for large enough v. Therefore, potentially redefining M, b, and C,

EV(y,) [yo = 2] < V() — ¢ (V(z)) +blo(z).
Thus, we have verified Condition D (with a = p/bs — 1). The result follows from Theorem 1.

Part (ii). Now p = kg and, as in the proof of Theorem 3.3(ii) in Douc et al. (2004, p. 1373),
many results in the proof of case p > k¢ can be used. Again, we choose bs = kg A (2 — p), noting
that now b3 = k¢ and that the notation k¢ will be used below instead of bs. Also, the function
V(x) = Vi(21) + Va(z2) is as in the case p > ko, and we need to bound the two terms in (31).

Step 1: Bounding E[V; (g(z1) +¢1)] in (31). Exactly as in Part (i), Step 1, it again holds
that, for |z1| > M,

Vi(g9(z1)) = Vi(z1) < (=birsg 20| 7 + 303r°k3 |Zl\2(m_p))V1(Zl)
= (=birko + 167r%K3) Va(21)

and, for large |z,
2 2702 2r0—2
E Vi (g(z1) +e1)] = Vi (9(21)) < UikgE [e1Va(en)] ™7 Vi)
Hence, for large |z,
EVi(g9(21) +e1)] < Vilz1) + k(z)Va(=1),

where now
k(21) = —birko + 577 mg + WiRGE [e1Va(e1)] EA G

Due to Assumption 2(a) and the choice of by, the condition E|e; ? Vi(e1)] < oo can be achieved
by choosing the value of b; small enough or, specifically, assuming b; = b; < 3y. Furthermore,
as ko € (0,1], by choosing the value of b; small enough the function k(z;) € (—1,0) and is
bounded away from —1 and 0 for any |z;| large enough. Therefore, for some d; € (0, 1),

EVi(g(z1) +e1)] < Vi(z1) — Va(=z1)
for all sufficiently large |z].

Step 2: Bounding V. (x)E [V1 (g(z1) +1)] in (31). For the first term on the right hand side



of (31) we obtain, for |z| large,
V(@) E [Vi (g(21) + 1)) < exp {b1 [e(m)@|™} (1-01)Vi(21) = 5(1=01) exp {by |e(z)a|™ + by []"} .

Write 1 — 6y = (1—61)"2(1—61)"/2 < (1 — 461)? and note that 1 —26; = exp {In (1 — 16;)} <
exp {—%51} to obtain

Ve(@)E [V (g(z1) +€1)] < 5 (1= 361) exp {161 + by |z1|™ + by |e(x)x]|™ } .
As Assumption 1(ii.a) now holds with d = 1, we have |e(x)| = o(|=|") and
b le()z|™ < ol )by [21]™ + o(lz[~™)b [| 22"
(cf. the similar inequality in the proof of case p > ko, Step 2). Therefore, for |z | large,
=301 +bi [ + by [e(@)z]™ < (1= 01(21)) by |21|™ + o[y [| 2211,
where

01
2y [
with §1(z1) € (0,1) and §1(21) Lo(Jz| ™) =
0(1) is obtained because |z1|™ o(|x| ") = o(1) by arguments similar to those used in the case
p > Ko, Step 2).

Thus, we can conclude that, for |2;| large,

_ 51 —f- 0(1)
KO\ __
olle| ™) = G

(51(21) =

o(1) holding (here, as well as above, the term

=~
8

E[Vi(g(21) +e1)]

5 (1= 500) exp {(1 = d1(1)) b |2a]™ + 0 (21)01(21) Fo(Jae| )by [| 221}

3 (1 — %51) (1 —01(z1)) exp {by |1]™} + 3 (1 — %(51) d1(21) exp {51(21)’10(]w|_”°)b1 Hngfo}
3 (L= 501) exp {01 |21]"} + 5 exp {o(1)by [|z2[[;°}

IAIN A

where the second inequality is due to the convexity of the exponential function. To state this
more formally, we can find M; > M, and some (finite) M, such that

V(@) E[Vi (9(21) +&1)] < Vilz1) = 501Va(z1) + 5 exp{o(1)by 225} + Mi1c, (21),

where §; € (0,1) and Cy = {z; € R : |z1] < M;} (cf. the proof of part (ii) in Douc et al. (2004,
p. 1373)). Moreover, as in case p > kg (the beginning of Step 4), the term o(1) on the right
hand side converges to zero as |z;| — 0.

Step 3: Bounding V5 (ITy 22 + z1¢,—1) in (31). As in the the proof of case p > ko, Step 3,
assume that the value of b; is fixed to by specified above. Repeating the arguments in the proof
of case p > kg, Step 3, we first obtain

K K K de
Vo(Ilzy + z10p-1) < g exp{bay|21]™} 4 5 exp {boan™ || 22|/} =) Vai(z1) + Vapo(22),

where by = by [|tp-1]|"° /71 and bys = by/7o with 71 € (0,1) and 72 = 1 — 75. Also, as in case



p > Ko, we can choose 175 € (7", 1) so that by on™ = byn™ /75 < b, and the value of by so small
that bo1 = bo ||¢p-1 |2 /71 < b1 = b, with b, as fixed above.

We next bound Va1(z1) and V5 2(z2). Arguments similar to those used in the corresponding
proof of case p > kg, Step 3, apply but the bound obtained for V5 1(z;) simplifies. Specifically,

Voa(z1) < eVi(z) and  Vaa(za) < maVa(z2),

where the first inequality holds for any ¢ > 0 as long as |z| is large enough and the second
inequality holds for some 7, € (0,1) and [|z2||, bounded away from zero. These inequalities
can be written as

‘/2,1(21) < 6Vl(Zl) +M1101(21) and ‘/2,2(22) < Vz(zz) - (1 - 772)‘/5(Z2) +M2102(Z2),

where, for simplicity, we have assumed that the term M;1¢,(21) can be the same as at the end
of Step 2 and where Cy = {2y € RP™! : |2,] < My} with My and M, some positive and finite
constants. Thus, we can conclude that

‘/Q(HZQ + Zlbp_l) S 6‘/1(21) + ‘/2(22) — (1 — 772)‘/2(Z2) + Mllcl (Zl) + M2102 (ZQ).

Step 4: Bounding £ [V (y,) |y, = «] in (31). The bounds obtained for V,(x)E [V (g(z1) + €1)]
and Vg(Hzg + le,p_l) in Steps 2 and 3, respectively, yield

EV(y) lyo =] =Vi(x)E[Vi(9(z1) + e1)] + Va(Tlzy + 214, 1)
< Vi(z1) = 301Vi(21) + g exp {o(1)b |22} + eVi(21)
+ ‘/2(22) — (1 — 772)‘/2(,22) + 2M1101 (Zl) —|—M2102(22).

As the value of € > 0 can be made as close to zero as desired (by only choosing |z | large enough
and independently of choices made for any other parameters), we can assume that € < %61 SO
that

—%51‘/1(21) + eVi(z1) < —62Vi(21)

holds with some d5 € (0,1). Moreover, as in the proof of case p > kg, Step 4,
yexp{o(1) ||z} — (1 — 1) Va(z2) < —1psVa(22),
ns € (0,1). Thus, defining A = 6, Ans € (0,1) and L > 2M, + M, we find that

EV(y) lyo = =] < Vi(z(x)) — 62Vi(21(x)) + Va(za(x)) — m3V2(22(2)) + L,
<V(x)—AV(x)+ L.

We can write the above inequality as

ElV(y) lyo=a] < (1-N3V(x)- (1-N)2(1+L/[(1 - )V (=z)]),

from which it follows that, for all |x| large enough, F [V (y,) |y, = ] < (1—)\)%V(a:), implying
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that there exist positive constants M and b such that, for C = {x € R? : |x| < M},

EV(y)) lyo=2] < (1 - XN):V(z) + blo(z).

Defining A = 1 — (1 — A)2 € (0,1) we can conclude that Condition D holds with ¢(v) = Av
and therefore Theorem 1(i) shows that the Markov chain y, is geometrically ergodic and the
convergence (8) holds with f(x) = V(x) = Vi(z1(x)) + Va(z2(x)).

Case p = 1: When p = 1 we have * = z; = u and we simply write x for any of these. In
this case, model (16) reduces to y; = yr—1 + §(y:—1) + &¢, Assumption 1(i) becomes redundant,
Assumption 1(ii.a) is automatically satisfied with g(x) = z + g(z), e(x) = 0, and d redundant
(as long as the condition |g(z)| — oo as |z| — oo still holds), and Assumptions 1(ii.b) and 2
are as in the case p > 2. In other words, the model can be written as y; = g(y;—1) + &; with
g satisfying Assumption 1(ii.b) as well as |g(z)| — oo as |x| — oco. This also means that the
assumptions of Theorem 3.3 in Douc et al. (2004) are satisfied except for the continuity of ¢
required in their Assumption 3.4. However, in our case this assumption is not needed because
the boundedness of g on compact subsets of R implied by our Assumption 1(ii) actually suffices.

First consider the case p > kg. Proceeding as in the proof of Theorem 3.3(i) of Douc
et al. (2004) we can conclude that there exist positive constants M and b such that, for C' =
{r €R : |z| < M} and for all z € R,

EV(y) [yo = 2] < V(z) = ¢1 (V(2)) + blc(w), (40)

where ¢1(V(x)) = ¢, (1 +InV(z)) " V(x) with a = p/bs —1 > 0 and some ¢, > 0 (see the
top of p. 1373 of Douc et al. (2004) and note also our additional assumption |g(z)| — oo as
|z| — 00). Comparing this with (38) and (39) at the end of the proof of part (i) shows that we
can continue as therein and conclude that Condition D is satisfied with V (z) = exp{by |z|"*}
and ¢(v) = c(v + vo)(In(v + vg)) ™ (for some c¢,v9 > 0 and o = p/bs — 1 > 0). The result of
part (i) now follows from Theorem 1(ii).

Now consider the case p = k. As in the proof of Theorem 3.3(ii) of Douc et al. (2004) we
can conclude that (40) holds with ¢; (V(x)) = AV (z) and some A > 0, and with M, b, and C
redefined (see the middle of p. 1373 of Douc et al. (2004) and note again the above-mentioned
additional assumption). The result of part (ii) now follows from Theorem 1(i). |

Proof of Theorem 3. First note that our Assumption 2(b) implies Assumptions (NSS 1)
and (NSS 4) of Fort and Moulines (2003). Also, in the same way as in the proof of Theorem
2 we can show that the Markov chain y, is a ¥-irreducible and aperiodic 7-chain with v the
Lebesgue measure, and that all compact sets of B(RP) are petite. This, in turn, implies that
Assumption (NSS 2) of Fort and Moulines (2003) holds. These facts together with Assumption
1 are used below to verify Assumption (NSS 3) of Fort and Moulines (2003) which enables us
to apply Lemma 3 of that paper.
As V(x) =14 |21]™ + s1]|22]|"° we have (cf. the beginning of the proof of Theorem 2)

*

EV(yy) lyo=z] =1+ E[lg(x) + e1|"] + s1 [z + 2141 11 - (41)
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In this case it appears convenient to start with bounding the latter term on the right hand side.

Step 1: Bounding s; ||[II;z2 + 21,15 in (41). First note that a = 1 — p/sp € (0,1)
because 0 < p < sq is assumed. We consider separately the cases where asy < 1 and asg > 1,
and show that there exist constants 7y € (0,1) and 5, > 0 such that

s1 T zg + 21t 1 [|570 < sy || 221570 — mosy (| 22][57° + 51 [z (42)

holds for both asy < 1 and asy > 1. Moreover, the value of 5; can be chosen as close to zero
as desired.

First consider the case asy < 1 and assume that s; < 1. Denoting §; = s; [[¢,p—1|[0° we
obtain (cf. the proof of Theorem 2, the beginning of Step 3)

aso asg 048()

s1 [Tz + 21t 1 [|5°0 < 510 ([ 22|37 + 51 20| = s1 [|22]|57 — sy |22l 4 81 |21

where n € (0,1) by assumption and 7, = 1 — n*° € (0,1) which shows that inequality (42)
holds with g = n; and 5; = §;. Also, the value of §; can be made as close to zero as desired
by choosing s; small enough.
Now consider the case asyg > 1. Here s; < 1 is still assumed and sy > 1 must hold because
€ (0,1). Write

S1 HleQ +21Lp 1Haso = <HH122 +21Lp 1||a)80
(I za IS + [lep-all [22]*)™

S
< (st 2] + 517 Nlepa | 20]%) ™,

where n € (0,1) again holds by assumption. Let 7 € (0,1) and 75 = 1 — 71, and denote
$11 = 81/30 lep—1]|S /7 and s12 = 51/50/72. Then,

(71511‘21‘ + T281.2n" HZQH )

21

S1 ”H1Z2 + Zlbple

<
< 311|Zl| +7'231277
<

51 | 2] + 1,277a80 [E21
where the second inequality is justified by the convexity of the function |z| + |z|* for sq > 1.
Next, as n* < 1, we can choose 7, € (7%, 1) so that s{%n*° = s17*°/7;° < s1. Denoting
ne =1— (n*/712)*° we have 1, € (0,1) and

ston ™ |22l = s1 | 22ll07 = 51 (1 =00 /75°) |22 = s (|22l — mos1 [ 22|57,

and we can conclude that

aso aso aso

s1||Thzo + Z1lp— 1||as0 syl zalls™ — mest || 22| |21|

Thus, inequality (42) holds with 7y = 1, and 5; = 57%. Above we fixed the value of 75, and
hence also the value of 71, but we are still free to choose the value of s; and make s7°, =
s1llep—1]|S% /70 < 1 as close to zero as desired by choosing s; small enough. From now on,
we assume that 79 = 71 Ay and 31 = 51 V s7% so that inequality (42) applies irrespective of
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whether asy < 1 or asg > 1, and the value of 5; can be chosen arbitrarily close to zero.

Step 2: Bounding F [|g(x) + £1]™] in (41). Consider the cases sy < 1 and sy > 1 separately.
When sy < 1, the definition of the function g, the triangle inequality, and Assumption 1(ii.a)
yield

Ellg(z) +el*] = El[g®@) — g(z1) + g(z1) + &[]
Elg®) — g(20)[* +19(21) + &1 [”]
)z + Ellg(z1) + &™) (43)

IN I/\

ez

When sy > 1, we can use Minkowski’s inequality and obtain

(E£(lg(z) + €1|80D1/80 = (E|g(x) — g(z1) + g(z1) + 51|so])1/80
[9(@) — g(z1)| + (B [lg(z1) + 1))
< le(z)z

()] + (Bllg(=) + &)™ (44)
The next step is to bound the expectation E[|g(z1) + €1|™]. Assumption 1(ii.b) ensures

that the function g satisfies the conditions in Assumption (NSS 3) of Fort and Moulines (2003)
which (together with other assumptions of the theorem) implies that we can use Lemma 3 of

I/\

that paper. Thus, as asg = sg — p, inequality (36) in that lemma shows that
Ellg(z1) +e1] < [z = AMa|™ (1 +€(21)),

where €(z1) — 0 as |z1| — oo and A > 0 (to see this, note that the cases (i)—(iii) in our Theorem
3 correspond to the cases (i)—(iii) in Lemma 3 of Fort and Moulines (2003) so that the result

is obtained with A = sor in cases (i) and (ii) and with A = sor — $so(so — 1)E[e]], which is

positive by assumption, in case (iii)). Thus, the above inequality implies that, for |z| large,
Ellg(z1) + "] < |a* = Az|™, (45)

where A > 0 and, without loss of generality, we can assume that A < 1 also holds. Note that
this inequality holds for both sy < 1 and sy > 1; these two cases will be treated separately
below.

Case sy < 1. First recall from the proof of Theorem 2, Step 2, that

le(@)z| < |er(@)][21] + [ ()] || 22

where €;(x) = c.e(x), ¢ > 0. Using (43), (45), and the assumption sy < 1, we find that, for
|Zl‘ largeu

E([g(®) +|™] < 2] = Az ™ + Je(@)a|
<zl =A™ + (@)™ [ + e (@)™ [zl

<z = Mar|* + Jea (@)™ [21]° |21]* + |en (@) || 222 || 22]|2°

where the last inequality follows because @ = 1 — p/sy so that asg = sog — p. As |e(x)]| =
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o(|z|~"*°) by assumption, we have, for |z| large, | ()™ |21]” = o(|z| ) |1|” < A, and thus

E([g(@) + il ] < |1 = A 22" + 0(1) |22 (46)

* )

where \; € (0,1) and o(1) — 0 as |x| — co (the upper bound of \; follows because A < 1 was
assumed above and the term o(1) is obtained as in the proof of Theorem 2, Step 2).
Case sp > 1. When sy > 1, inequalities (44) and (45) imply that, for |z;| large,

(E[[g(@) + &)™ < (Bllg(z1) + 1 D™ + |e(@)=|

< (|21 = Mz )Y+ Jea(@)] |z1] + fea(@)] ]| 2],
= |al (1= Az + la(@)] 2] + |a(@)] || 2],

A _
<lal (1= 1al™) +Hla@) |l + o @) ]1=]..

Here the equality is again due to the definition of a which implies asy = sy — p, and the last
inequality follows because (1 —u)* < 1—au holds for all 0 < u,a < 1. As |e(x)] = o(|z|™”) by

assumption, we have, for || large enough, |e, ()| |21] = |1 (z)] |21)” |21]' ™" < % ||, and
(E[lg@) + ™)™ < || (1= As |21 ) + e (@)] [|22]., (47)
where A, € (0,1). As the term 1 — Ay |21 in (47) is positive, we can write
L= ez = (1= Dol ) (1= Ralaa| )2 < (1= Lha )| )7,

and arguments similar to those in the proof of Theorem 2, Step 2, can be used. Thus, we define
T1(z1) =1 =32 |z1]” and 72(z1) = 1 — 71 (21), and express inequality (47) as

(Ellg(@) + ")V < mi(z) 2] (1= $ha 2] ) + ma(20)ma(21) e (@)] |22,
From this we can conclude that, for |z;| large,

E[|g(e) + e1*] < [r1(z1) |21] (1 = $X2 [21]7") + m2(20)72(20) e (20)] || 22],] ™
<mi(z1) =)™ ( - %5\2 121|_p)80 + To(21) (72(21)71 le1(z)] szH*)so
<zl (1= 3x2 21 ™")™ + m2(21) (r2(21) e (@)] [ 22]],) "
<|a|™ (1 - %;\2 |Zl|_p) + 7o(21) (72(2’1)_1 le1(z)] HZ2||*)80‘

Here the second inequality is due to the convexity of the function |z| — |z|*, so > 1, and the
last one follows because sq > 1. By the definition of 75(21), 2(21) 7! |e1(x)] = (2/X2) |21]” |1 ()],
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so that, for some positive constants A; and A,

7a(21) (ra(20) e (@) [|z2]l,)™ < Arlz] 7 |20 Jea (@) || 22 2°
= A [ e (@) ||z 12 1221157
< Ap [ [er () |2]” [ 222
= Ay [ |e1 () [ [| 227>

= o(1) |22 -

Here the first equation is again due to the definition of a and the last one follows because
le1(x)] = o(|x| ") by assumption. The second inequality follows because |z1| < |z| < ¢|x| and
similarly with |z;| replaced by |z2| (see footnote 7). Hence, as asy = so — p, we find that, for
|21| large,

E[g(®@) + 1] < 21| = $ha [21]* + o(1) || 2[5, (48)

where o(1) — 0 as |x| — oo.
To combine the cases sy < 1 and sy > 1, set Ag = A A 32 € (0,1) and conclude from (46)
and (48) that, for |z;| large,

E([g(@) +eif™] < |21 = X [22]** + 0(1) 2212, (49)
where o(1) — 0 as || — oco.

Step 3: Bounding (41). First conclude from inequalities (42) and (49) that, for |z | large,

E[V(y:) lyo =] S 1+ |2" = Ao || +5 ||

+ 1 [[2a0157 = mosa 12257 + o(1) [|z2[I57 -

Furthermore, we noted earlier that the value of s;, and hence also the value of 51, can be chosen
as close to zero as desired. Therefore, for |z,| large enough and for some 77 € (0, 1),

2
—nos 22157 4+ o(1) |22 [57 < =T ll2:[57 < =7 l2af15

aso o?sg

where the replacement of ||z2||"° with ||z2||] ™ is justified because a € (0, 1) (this replacement

is needed below). Also, as we can assume that the value of 5; is so small that Mo — 51 > 0,
we have —\g |21 4+ 51 |21]**° = =X |21 where X € (0,1) (the upper bound follows because
Ao < 1, as noted above). Thus, we can conclude that, for |z;| and |z,| large,

S as N as — a?s
EWV(y) lyg=x] ST+ |27 +s1 [z = Alaa|™ =7 [|z2f[; ™
Now, let ||z2]|, be so large that ﬁ||z2|]‘:280 > ¢ > 1. Then,

Oé S — QZS — a28 — CYQS
=7 2alli = =1 =7z (1 = 1/ @ ll22]l2) < =1 =71 —1/c) [z,
where 77 (1 — 1/c) € (0, 1] and, setting ¢ = A A (7 (1 — 1/c)), we have ¢ € (0, 1] and
N as — a?s — as — a?s — as a?s
Mz =7zl < =1 =2la|™ —ellzalI7 < —e(1+ [ + 22lI27).
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Next note that

s O[QS — S [0 %] (03 — S oS (03
(L4 [21]" + |22l 7) < =21+ |2 + 22]27)" < e (L4 [ + 51 [|22]7)7,
where the first inequality follows because a € (0,1) and the second one because s; < 1 by
assumption. This implies that
N as — o?s - S asp\
=A™ =7z < e (L4 [ + s [l27°)"
By the preceding discussion we can find positive (and finite) constants M; and M; (i = 1,2)
such that
E[V(y) [yo=2] < 1+ |a1|” +s1 |22 —c(L+ |21]" + 51 [|z2[I7)"

*

"‘Mllc’l(zl) +M21CQ (z2), (50)

where C; = {21 € R : |z1| < M} and Cy = {29 € RP7 : |25] < My},

aso
*

Step 4: Completing the proof. Using the definition V(x) = 1+ |z1(x)|* + s1 ||z2(x)||
and letting L > M, + M, we obtain from (50) that

EV(y) [y =z] < V(e) —cV(2)" + L = (1 - h(z)) V(z) + L,

where h(z) =V (x)* L.

As o € (0,1) and ¢ € (0,1], we have 0 < h(x) < ¢ and h(x) — 0, as || — oco. Com-
paring the above inequality with inequality (37) (see the proof of Theorem 2 (Part (i), Step
4)) and the properties of the function h(x) shows that we can verify Condition D with ar-
guments similar to those in the aforementioned proof. Specifically, we need to show that
L < h(z) (1 - h(w))% V() holds for all || large enough. That this holds is seen by noting
that (see the definition of h(x) above)

V() = e (1—aV (@)™ ") V(w)°,

[N

sh(@) (1= h(z))

where V(x)* — oo and V(z)* ! — 0, as |x| — oc.
Hence, as in the proof of Theorem 2 (Part (i), Step 4) we can conclude that there exist
positive constants M and b such that, for C' = {x e R? : |z| < M},

EV(y1) [yo = 2] < V() — 61 (V(2)) + ble (),
where ¢, (v) = th(x)V(x) = Ltev®. This implies that Condition D holds with ¢ = ¢;. The

— 2 2
result follows from Theorem 1 (note that o =1 — p/sy so that 1 — a = p/sy).

Case p = 1: As in the corresponding proof of Theorem 2, we have * = x; = u, so we simply
write z for any of these and note the following: Model (16) reduces to y; = y;—1 + §(yi—1) + €4,
Assumption 1(i) becomes redundant, Assumption 1(ii.a) is automatically satisfied with g(z) =
z + g(z), e(r) = 0, and d redundant (as long as the condition |g(z)| — oo as |z| — oo still
holds), and Assumptions 1(ii.b) and 2 are as when p > 2. In other words, the model can be
written as v = g(yi—1) + & with g satisfying Assumption 1(ii.b) as well as |g(z)| — oo as
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|z| — oco. Note further that now z;(x) reduces to z; and we simply write x in place of either
of these. Also, due to the choice g(x) = z + g(z) we have g(x) = g(z).

We go through the changes needed in the proof of Theorem 3 in case p > 2. Note that the
equality V() = 14 [21]™ + s1]|22]|2"° in case p > 2 reduces to V(xz) = 1+ |z|™ by setting
s; = 0. The beginning of the proof until (41) remains valid with (41) reducing to

EV(y) lyo=x] =1+ E[lg(z) +e|™]. (51)

Step 1 can be omitted as the term considered therein equals zero. In Step 2, setting e(z) = 0
inequalities (43) and (44) remain valid, and so does (45). The numbered inequalities (46)—(49)
all hold but in all of them the last term is set to zero. In Step 3, the first inequality holds with
s1, 51, and the o(1) term all set to zero. In the following arguments, set 7 = 0 and A = Ao
Now, some slight changes are needed. Set ¢ = A/2 € (0,1) and assume |z| is so large that
|z|**® > 1/¢. This implies that

A 2] < =1 —F x| < —E(1 + [2]|*) < —E (1 + |z|™)"

similarly to the corresponding derivations in Step 3. Therefore, inequality (50) holds with s; and
M set to zero. Step 4 remains valid, so that the stated (f,r)-ergodicity result is obtained from
Theorem 1 with f = V1701=a) = y1=0p/s0 — (1 4 |z|**)1=9/%0 and § € [1,1/(1 — a)]. Denoting,
for brevity, v = 1 — dp/so € (0,1] note that 1+ |z|* % = 1+ (|z|*) = {[1 + (|=|*)]*"} <
{C[1 + |z|*°]}" for some finite positive C' (due to Loéve’s ¢,-inequality) so that the (f,r)-
ergodicity with f(z) = 1+ |z|* " follows. [

Proof of Corollary to Theorem 3. First consider the case p > 2. We find from the proof
of Theorem 3 (the beginning of Step 3) that, for |z | large,

EV(yy) lyo=2] < 1T+ |z — (Ao = 51) [21]" + 51 | 22]|57 — (mos1 — o(1)) [|z2][5™

where 3, is so small that A\g—3; > 0 holds and o(1) — 0 as |&| — co. Hence, defining 77 € (0, 1),
Mi1¢,(z1), and Myle,(2z2) as in the proof of Theorem 3 (Step 3), we have

aso aso

EV(y) lyo =] <1+ |z* + 51|22 2 — (Ao —51) |21 — 77 || 22|
+ M1, (21) + Male,(22),

and setting ¢; = (5\0 —51) AT,
EV(y) lyo=2] < 1+ |z1]* + s1 |25 — 1 (|22 + [|22]|7°°) + M11e, (21) + Male,(22).

As V(x) =1+ |z1(®)]™ + 51 ]| 2z2(2)]| S and asy = sg — p we can write this, for all x, as

EV(yy) lyo =] <V(x) — a1 (|aa(@)]* 7" + 22(2) [27°) + Mile, (21(2)) + Male, (22())-

From Theorem 14.3.7 of Meyn and Tweedie (2009) we now find that 7 (|21 ()| ™" + || z2(2)]|™") <
oo and, by the equivalence of vector norms in RP, 7 (|z1()|* ™" + |z2(x)|* ") < oo also
holds. Furthermore, as |21(2)[" + |z2(x)|™ " > co (|21(2)| + |22(2)|)°77 > o |2z(x)|™”
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and |z(x)|" = |Az|*™" > c3|x| " for some ¢z, ¢z € (0,00) (that depend on sy and p), it

follows that 7 (|&|* ") < oo.
In the case p = 1, the above arguments hold if one sets 57 = 0, ¢; = Ao, and drops all the
terms related to z,. [ |
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